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Abstract
We introduce a new variant of the blossom, the q-blossom, by altering the diagonal property of the
standard blossom. This q-blossom is specifically adapted to developing identities and algorithms for
q-Bernstein bases and q-Be´zier curves over arbitrary intervals. By applying the q-blossom, we generate
several new identities including an explicit formula representing the monomials in terms of the q-Bernstein
basis functions and a q-variant of Marsden’s identity. We also derive for each q-Be´zier curve of degree n,
a collection of n! new, affine invariant, recursive evaluation algorithms. Using two of these new recursive
evaluation algorithms, we construct a recursive subdivision algorithm for q-Be´zier curves.
c⃝ 2011 Elsevier Inc. All rights reserved.
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1. Bernstein bases
Bernstein bases exist today in three distinct elementary forms:
(a) the standard form:
Bnk (t) =
n
k

tk(1− t)n−k, k = 0, . . . , n, (1.1)
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(b) the h-form:
Bnk (t; h) =
n
k
 k−1
i=0
(t + ih) ·
n−k−1
i=0
(1− t + ih)
n−1
i=0
(1+ ih)
, k = 0, . . . , n, (1.2)
(c) and the q-form:
Bnk (t; q) =
n
k

q
tk
n−k−1
i=0
(1− tq i ), k = 0, . . . , n. (1.3)
In Eqs. (1.1) and (1.2),
 n
k

denotes the standard binomial coefficient. Similarly, in Eq. (1.3), n
k

q denotes the q-binomial coefficient defined by [6,7]n
k

q
= [n]q ![k]q ![n − k]q ! (1.4)
k = 0, . . . , n, where
[n]q ! =
[1]q · · · [n]q for n ≥ 1
1 for n = 0
and
[n]q = 1+ q + · · · + qn−1.
Eq. (1.1) represents the standard Bernstein basis functions used by Bernstein to provide
a constructive proof of the Weierstrass approximation theorem for uniform polynomial
approximation of continuous functions on the interval [0, 1]. These basis functions appear today
in Computer Aided Geometric Design (CAGD) as the blending functions for standard Be´zier
curves and surfaces.
Eq. (1.2) represents the generalized Bernstein basis functions introduced by Stancu [21,22]
and investigated by Goldman [2] and Goldman and Barry [4,5] in the context of probability
theory and CAGD. We shall call these Bernstein basis functions the h-Bernstein basis functions,
and we call curves with these blending functions h-Be´zier curves. Notice that the h-Bernstein
basis functions reduce to the standard Bernstein basis functions when h = 0.
Eq. (1.3) represents the most recent incarnation of Bernstein basis functions developed by
Phillips and his collaborators [10–14]. These Bernstein basis functions are called q-Bernstein
basis functions, and curves with these blending functions are called q-Be´zier curves. An even
more general version of the q-Bernstein basis functions with an additional parameter has recently
been introduced by Lewanowicz and Woz´ny [8]—see too [9] and [19] and Section 6. Notice that
these q-Bernstein basis functions reduce to the standard Bernstein basis functions when q = 1.
These three different types of Bernstein/Be´zier curves share many common properties: they
are affine invariant, lie in the convex hull of their control points (when h > 0 and 0 < q < 1),
satisfy the variation diminishing property (when h > 0 and 0 < q < 1), are non-degenerate
(when q ≠ −1), and reproduce linear functions when the data is evenly spaced (or in the case of
q-Be´zier curves, spaced in geometric progression) along a straight line.
In addition, these curves possess analogous algorithms for recursive evaluation (de Casteljau’s
algorithm, [11,8]) and degree elevation [8]. Conspicuously missing from this list, however, are
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simple algorithms for blossoming, subdivision, and differentiation of h-Be´zier and q-Be´zier
curves. (A subdivision algorithm for q-Be´zier curves is presented in [1], by converting from
q-Be´zier form to standard Be´zier form and then applying the classical de Casteljau subdivision
procedure for ordinary Be´zier curves. But this approach to subdivision is not what we mean by
a simple subdivision algorithm for q-Be´zier curves, since this procedure does not replace the
original q-Be´zier control polygon by two q-Be´zier control polygons over smaller subintervals.)
One of the main goals of this paper is to develop blossoming and subdivision procedures for
q-Be´zier curves. Differentiation algorithms for q-Be´zier curves will be treated in a separate
paper. Analogous algorithms can be generated for h-Be´zier curves because h-Be´zier curves are a
limiting case of q-Be´zier curves; see Section 6 where we indicate briefly how h-Bernstein basis
functions emerge as limits of q-Bernstein basis functions. A more direct approach to algorithms
and identities for h-Be´zier curves is presented in [20].
This paper makes four principal contributions:
• Blossoming. We introduce a new variant of the blossom, the q-blossom, especially adapted
for proving new identities for q-Bernstein bases and generating novel algorithms for q-Be´zier
curves.
• Identities. By applying the q-blossom, we derive new identities for the q-Bernstein bases,
including an explicit formula for representing the monomials in terms of the q-Bernstein
basis functions and a q-variant of Marsden’s identity.
• Recursive Evaluation Algorithms. Again invoking the q-blossom, we construct for each
q-Be´zier curve of degree n, a collection of n! new, affine invariant, recursive evaluation
algorithms.
• Subdivision. Using two of these new recursive evaluation algorithms, we present for the first
time a subdivision algorithm for q-Be´zier curves.
This paper is organized in the following fashion. In Section 2 we introduce the basic
definitions, fundamental formulas, and explicit notation for q-Bernstein bases and q-Be´zier
curves. In Section 3 we define the q-blossom and establish the existence and the uniqueness
of this blossom. In Section 4 we invoke q-blossoming to develop novel evaluation algorithms
for q-Be´zier curves and in Section 5 we use the q-blossom to derive new identities involving
the q-Bernstein basis functions, including a q-version of Marsden’s identity as well as formulas
for representing monomials in terms of the q-Bernstein basis functions. To prepare the way for
subdivision, in Section 6 we introduce q-Bernstein basis functions over arbitrary intervals. In
this section we also extend the dual functional property as well as our n! new, affine invariant,
recursive evaluation algorithms to q-Be´zier curves over arbitrary intervals. In Section 7 we apply
the q-blossom to extend Marsden’s identity to q-Bernstein bases over arbitrary intervals and
to represent linear functions in terms of q-Bernstein bases over arbitrary intervals. Finally in
Section 8, we develop a subdivision algorithm for q-Be´zier curves and establish the convergence
of recursive midpoint subdivision. We close in Section 9 with a short summary of our results
along with a brief discussion of some promising problems for future research.
2. q-Be´zier curves
Recall from Section 1 that the q-Bernstein basis functions on the interval [0, 1] are given by
Bnk (t; q) =
n
k

q
tk
n−k−1
i=0
(1− tq i ), k = 0, . . . , n
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where
 n
k

q are the q-binomial coefficients defined in Eq. (1.4). Notice that in the special case
where q = −1, the q-binomial coefficients  nk q are zero when n is even and k is odd. Thus
when the degree n is even, the q-Bernstein polynomials Bnk (t;−1) do not form a basis for
the polynomials of degree n. Therefore when q = −1, we shall assume that the degree n is
odd.
The q-Bernstein basis functions form a partition of unity, provide a basis for all polynomials
of degree at most n, and satisfy the recurrence relations
Bni (t; q) = (1− tqn−i−1)Bn−1i (t; q)+ tqn−i Bn−1i−1 (t; q) (2.1)
and
Bni (t; q) = q i (1− tqn−i−1)Bn−1i (t; q)+ t Bn−1i−1 (t; q). (2.2)
Let Pi , i = 0, . . . , n be a set of n + 1 points. The q-Be´zier curve with control points Pi is the
polynomial curve defined by
P(t) =
n
i=0
Pi B
n
i (t; q), t ∈ [0, 1].
The following two recursive evaluation algorithms [11] are direct consequences of equations
(2.1) and (2.2).
q-de Casteljau evaluation algorithms
Let P˜0i (t) = Pˆ0i (t) = Pi , i = 0, . . . , n. Define
P˜ki (t) = (1− tqn−k−i )P˜k−1i (t)+ tqn−k−i P˜k−1i+1 (t), (2.3)
and
Pˆki (t) = q i (1− tqn−k−i )Pˆk−1i (t)+ t Pˆk−1i+1 (t), (2.4)
i = 0, . . . , n − k, k = 1, . . . , n. Then P˜n0 (t) = Pˆn0 (t) = P(t).
These two de Casteljau evaluation algorithms for cubic q-Be´zier curves are illustrated in
Figs. 1 and 2. The value at each node is computed by multiplying the label on each arrow that
enters the node by the value at the node from which the arrow emerges and then adding the
results. Notice that in the first algorithm the intermediate nodes are affine combinations of the
preceding nodes, but that this property does not hold in the second algorithm. Thus in the first
algorithm the intermediate nodes are affine invariant, but in the second algorithm only the final
result at the apex of the diagram is affine invariant.
3. q-blossoming
Blossoming provides a powerful technique for deriving identities and developing change of
basis algorithms for standard Bernstein bases and Be´zier curves [15–17]. Our goal in this section
is to extend standard blossoming to q-blossoming.
The q-blossom or q-polar form of a polynomial P(t) of degree n is the unique
symmetric multiaffine function p(u1, . . . , un; q) that reduces to P(t) along the q-diagonal.
That is, p(u1, . . . , un; q) is the unique multivariate polynomial satisfying the following three
axioms:
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Fig. 1. The first de Casteljau evaluation algorithm for a cubic q-Be´zier curve on the interval [0, 1].
Fig. 2. The second de Casteljau evaluation algorithm for a cubic q-Be´zier curve on the interval [0, 1].
q-Blossoming axioms
1. Symmetry:
p(u1, . . . , un; q) = p(uσ(1), . . . , uσ(n); q)
for every permutation σ of the set {1, . . . , n}.
2. Multiaffine:
p(u1, . . . , (1− α)uk + αvk, . . . , un; q) = (1− α)p(u1, . . . , uk, . . . , un; q)
+αp(u1, . . . , vk, . . . , un; q)
3. q-Diagonal:
p(t, tq, . . . , tqn−1; q) = P(t).
The multiaffine property is equivalent to the fact that each variable u1, . . . , un appears to at most
the first power—that is, p(u1, . . . , un; q) is a polynomial of degree at most one in each variable.
We are interested in q-blossoming because of the following key property, which we shall
derive in Section 4, relating the q-blossom of a polynomial to its q-Be´zier control points.
Dual functional property
Let P(t) be a q-Be´zier curve of degree n over the interval [0, 1]with control points P0, . . . , Pn
and let p(u1, . . . , un; q) be the q-blossom of P(t). Then
Pk = p(0, . . . , 0, 1, q, . . . , qk−1; q), k = 0, . . . , n. (3.1)
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This Dual Functional Property is proved in Theorem 4.4. A more general Dual Functional
Property for q-Be´zier curves defined over an arbitrary interval [a, b] is proved in Theorem 6.6.
We are going to establish the existence and uniqueness of a function satisfying the three
q-blossoming axioms, subject only to mild restrictions on q , for all polynomials of degree n.
But before we proceed to prove both existence and uniqueness, let us get a better feel for the
q-blossom by computing the q-blossom for some simple cases.
q-Blossom of cubic polynomials
Consider the monomials 1, t , t2, and t3 as cubic polynomials. It is easy to q-blossom these
monomials for any q ≠ 0, since in each case it is easy to verify that the associated function
p(u1, u2, u3; q) given below is symmetric, multiaffine, and reduces to the required monomial
along the q-diagonal:
P(t) = 1 ⇒ p(u1, u2, u3; q) = 1,
P(t) = t ⇒ p(u1, u2, u3; q) = u1 + u2 + u3
1+ q + q2 ,
P(t) = t2 ⇒ p(u1, u2, u3; q) = u1u2 + u2u3 + u3u1
q(1+ q + q2) ,
P(t) = t3 ⇒ p(u1, u2, u3; q) = u1u2u3
q3
.
Notice that the functions in the numerators on the right hand side are simply the elementary
symmetric functions in three variables, while the functions in the denominators are the
elementary symmetric functions evaluated at 1, q , and q2. Using these results, we can q-blossom
any cubic polynomial P(t) = a3t3 + a2t2 + a1t + a0 for any q ≠ 0 by setting
p(u1, u2, u3; q) = a3 u1u2u3
q3
+ a2 u1u2 + u2u3 + u3u1
q(1+ q + q2) + a1
u1 + u2 + u3
1+ q + q2 + a0.
Similar techniques can be applied to q-blossom polynomials of any degree n by first q-
blossoming the monomials tk , for k = 0, . . . , n, and then applying linearity.
Indeed, let
ϕn,k(u1, . . . , un) =

1≤i1<···<ik≤n
ui1 · · · uik ,
where the sum is taken over all subsets {i1, . . . , ik} of {1, . . . , n}, denote the k-th elementary
symmetric function in the variables u1, . . . , un . Then we have the following result.
Proposition 3.1. The q-blossom of the monomial Mnk (t) = tk (considered as a polynomial of
degree n) is given by
mnk (u1, . . . , un; q) =
ϕn,k(u1, . . . , un)
ϕn,k(1, q, . . . , qn−1)
(3.2)
provided that ϕn,k(1, q, . . . , qn−1) ≠ 0.
Proof. We need to verify the three blossoming axioms. Clearly the function mnk (u1, . . . , un; q)
is symmetric, since the expression on the right hand side of (3.2) is an elementary symmetric
function divided by a constant. Also the function on the right hand side of (3.2) is multiaffine,
since each variable appears to at most the first power. Finally observe that since ϕn,k(u1, . . . , un)
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is a homogeneous polynomial of total degree k in the variables u1, . . . , un ,
ϕn,k(tu1, . . . , tun) = tkϕn,k(u1, . . . , un).
Therefore along the q-diagonal
mnk (t, tq, . . . , tq
n−1; q) = ϕn,k(t, tq, . . . , tq
n−1)
ϕn,k(1, q, . . . , qn−1)
= tk . 
We can use Proposition 3.1 to establish the existence of the q-blossom for arbitrary
polynomials of degree n. But before we proceed, we need to determine explicit conditions for
which ϕn,k(1, q . . . , qn−1) ≠ 0, k = 1, . . . , n.
Lemma 3.2.
ϕn,k(1, q, . . . , qn−1) = qk(k−1)/2
n
k

q
, k = 1, . . . , n. (3.3)
Proof. This result follows easily by induction on n. 
Corollary 3.3. ϕn,k(1, q, . . . , qn−1) = 0 if and only if one of the following two conditions is
satisfied:
i. q = 0 and n > 1, k > 1.
ii. q = −1 and n is even, k is odd.
Proof. Notice that the only real root of a q-binomial coefficient can be q = −1 because
[n]q = (1−qn)/(1−q) when q ≠ 1. Condition i. follows from (3.3) while Condition ii. follows
from the observation that q = −1 is a zero of the binomial coefficient  nk q of multiplicity
⌊n/2⌋ − ⌊k/2⌋ − ⌊(n − k)/2⌋ =

1 if n is even and k is odd
0 otherwise. 
We are now going to establish the existence and uniqueness of the q-blossom for all
polynomials of degree n and for all real values of q that satisfy:
i. q ≠ 0 for all n > 1 (3.4)
ii. q ≠ −1 for all even n > 1. (3.5)
We call conditions (3.4) and (3.5) the standard restrictions on the value of q. From now on, unless
we explicitly indicate otherwise, these standard restrictions on q apply whenever we speak of the
q-blossom, q-Bernstein basis functions, and q-Be´zier curves.
Theorem 3.4 (Existence and Uniqueness of the q-Blossom). For every polynomial P(t) of
degree at most n, there exists a unique symmetric multiaffine function p(u1, . . . , un; q) that
reduces to P(t) along the q-diagonal. That is, there exists a unique q-blossom p(u1, . . . , un; q)
for every polynomial P(t) provided that q satisfies the standard restrictions (3.4) and (3.5).
Proof. By Proposition 3.1 and Corollary 3.3 when q satisfies the standard restrictions (3.4) and
(3.5), a q-blossom exists for the monomials tk , k = 0, . . . , n. Therefore, since every polynomial
is a linear combination of monomials and since the q-blossom of the sum is the sum of the
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q-blossoms, a q-blossom exists for every polynomial P(t) when q satisfies the standard
restrictions (3.4) and (3.5).
To verify the uniqueness of the q-blossom, suppose that a polynomial P(t) of degree n
has two q-blossoms p(u1, . . . , un; q) and r(u1, . . . , un; q). Since every symmetric multiaffine
polynomial of degree n has a unique representation in terms of the n+ 1 symmetric polynomials
of degree n, there are constants a0, . . . , an and b0, . . . , bn such that
p(u1, . . . , un; q) =
n
k=0
akϕn,k(u1, . . . , un; q)
and
r(u1, . . . , un; q) =
n
k=0
bkϕn,k(u1, . . . , un; q).
Evaluating on the q-diagonal (ui = tq i−1, i = 1, . . . , n) yields
P(t) =
n
k=0
akϕn,k(1, q, . . . , qn−1)tk =
n
k=0
bkϕn,k(1, q, . . . , qn−1)tk .
Thus ak = bk , k = 0, . . . , n, so p(u1, . . . , un; q) = r(u1, . . . , un; q). Hence the q-blossom of
P(t) is unique. 
From Proposition 3.1, Lemma 3.2, Theorem 3.4, and the linearity of the q-blossom we deduce
the following result.
Corollary 3.5. The q-blossom of the polynomial P(t) =nk=0 ak tk is
p(u1, . . . , un; q) =
n
k=0
ak
ϕn,k(u1, . . . , un)
qk(k−1)/2
 n
k

q
. (3.6)
In this section, we have studied the q-blossom using the monomial representation of a
polynomial. In the next section we shall investigate how the q-blossom is related to the
q-Bernstein representation of a polynomial.
4. q-blossoming and q-de Casteljau algorithms
A word on notation before we proceed. In the diagrams below, we use the multiplicative
notation u1 · · · un to represent the q-blossom value p(u1, . . . , un; q). Though an abuse of
notation, this multiplicative notation is highly suggestive. For example, multiplication is
commutative and the q-blossom is symmetric
u1 · · · un = uσ(1) · · · uσ(n) ↔ p(u1, . . . , un; q) = p(uσ(1), . . . , uσ(n); q).
Moreover, multiplication distributes through addition and the q-blossom is multiaffine. Thus
u = b − u
b − a a +
u − a
b − a b
implies both
u1 · · · unu = b − ub − a u1 · · · una +
u − a
b − a u1 · · · unb
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Fig. 3. Computing p(t, tq, . . . , tqn−1; q) = P(t) recursively from the initial q-blossom values p(0, . . . , 0, 1, q, . . . ,
qk−1; q), k = 0, . . . , n. We illustrate the cubic case. Compare to Fig. 1.
and
p(u1, . . . , un, u; q) = b − ub − a p(u1, . . . , un, a; q)+
u − a
b − a p(u1, . . . , un, b; q).
Since symmetry and multiaffinity are the main properties featured in the diagrams, the same
diagrams make sense both for multiplication and for q-blossoming. Thus this multiplicative
notation for the q-blossom is both natural and evocative. In addition, these similarities between
multiplication and q-blossoming suggest that corresponding to identities for multiplication we
should expect analogous identities for the q-blossom. (For further explanations and justifications
for this multiplicative notation, see [18].)
Using this multiplicative notation, Fig. 3 shows (in the case n = 3) how to compute an
arbitrary value of p(t, tq, . . . , tqn−1; q) = P(t) recursively from the initial q-blossom values
p(0, . . . , 0, 1, q, . . . , qk−1; q), with exactly n − k blossom values set to 0 for k = 0, . . . , n, by
applying the multiaffine and symmetry properties at each node.
Now compare the q-blossoming algorithm in Fig. 3 to the de Casteljau algorithm in Fig. 1
for q-Be´zier curves. For arbitrary n, Figs. 1 and 3 are similar, and Fig. 3 is this de Casteljau
algorithm for p(t, tq, . . . , tqn−1; q) = P(t) with control points p(0, . . . , 0, 1, q, . . . , qk−1; q),
k = 0, . . . , n. This observation for arbitrary values of the degree n has several important
consequences, which we summarize in the next three theorems. Note that in the following
theorems, unless stated otherwise, the standard restrictions on the value of q in (3.4) and (3.5)
apply.
Theorem 4.1 (Every Polynomial Curve is a q-Be´zier Curve). Every polynomial can be expressed
in q-Be´zier form. In particular, let P(t) be a polynomial of degree n with q-blossom
p(u1, . . . , un; q). Then P(t) is generated by the de Casteljau algorithm (2.3) with control points
Pk = p(0, . . . , 0, 1, q, . . . , qk−1; q), k = 0, . . . , n.
Proof. Let P(t) be a degree n polynomial and let p(u1, . . . , un; q) be the q-blossom of P(t). Set
Pi = P˜0i := p(0, . . . , 0, 1, q, . . . , q i−1; q), i = 0, . . . , n and apply the q-de Casteljau algorithm
(2.3). We obtain the q-Be´zier curve
P˜n0 (t) =
n
i=0
Pi B
n
i (t; q). (4.1)
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On the other hand it is easily shown by induction on k and the multiaffine property of the
q-blossom that the points P˜ki (t) generated by the q-de Casteljau algorithm (2.3) satisfy
P˜ki (t) = p(0, . . . , 0, 1, q, . . . , q i−1, tqn−k, . . . , tqn−1; q),
i = 0, . . . , n − k, k = 0, . . . , n. In particular,
P˜n0 (t) = p(t, tq, . . . , tqn−1; q) = P(t). (4.2)
The theorem now follows from (4.1) and (4.2). 
Corollary 4.2. The q-Bernstein basis functions of degree n over the interval [0, 1] form a basis
for the polynomials of degree n, except in the case when q = −1 and n is even.
Proof. This result follows directly from Theorem 4.1 when q satisfies the standard restrictions
(3.4) and (3.5). Moreover, when q = 0, this result follows from the explicit formula in (1.3),
since
Bni (t; 0) = t i − t i+1, i = 0, . . . , n − 1
Bnn (t; 0) = tn . 
Corollary 4.3. The q-Be´zier control points of a q-Be´zier curve over the interval [0, 1] are
unique.
Theorem 4.4 (Dual Functional Property of the q-Blossom). Let P(t) be a q-Be´zier curve of
degree n and let p(u1, . . . , un; q) be the q-blossom of P(t). Then the q-Be´zier control points of
P(t) are given by
Pk = p(0, . . . , 0, 1, q, . . . , qk−1; q), k = 0, . . . , n. (4.3)
Proof. By Theorem 4.1
P(t) =
n
k=0
p(0, . . . , 0, 1, q, . . . , qk−1; q)Bnk (t; q). (4.4)
Now (4.3) follows from (4.4) and the uniqueness of the q-Be´zier control points. 
Fig. 4 illustrates a recursive evaluation algorithm for computing an arbitrary q-blossom value
p(u1, . . . , un; q) from the q-blossom values p(0, . . . , 0, 1, q, . . . , qk−1; q), k = 0, . . . , n by
blossoming the de Casteljau evaluation algorithm—that is, by substituting uk for tqn−k on the
k-th level of the de Casteljau evaluation algorithm in Fig. 3.
Observe too that by Fig. 4, the recursive evaluation algorithm for q-Be´zier curves is not
unique, since we can insert t, tq, tq2 in any order by substituting these values for the parameters
u1, u2, u3 in any order. We summarize these observations in the next two theorems.
Theorem 4.5. Let P(t) = ni=0 Pi Bni (t; q) be a q-Be´zier curve of degree n with q-blossom
p(u1, . . . , un; q). Define recursively a set of multiaffine functions by setting Q0i = Pi , i =
0, . . . , n and
Qk+1i (u1, . . . , uk+1) = (1− uk+1q−i )Qki (u1, . . . , uk)+ uk+1q−i Qki+1(u1, . . . , uk), (4.5)
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Fig. 4. Recursive evaluation algorithm for the q-blossom of a cubic q-Be´zier curve.
i = 0, . . . , n − k − 1 and k = 0, . . . , n − 1. Then
Qki (u1, . . . , uk) = p(0, . . . , 0, 1, q, . . . , q i−1, u1, . . . , uk; q), (4.6)
i = 0, . . . , n − k, k = 0, . . . , n. In particular,
Qn0(u1, . . . , un) = p(u1, . . . , un; q).
Proof. By the dual functional property, Q0i = p(0, . . . , 0, 1, q, . . . , q i−1; q), i = 0, . . . , n. The
rest of the proof is a simple induction on k. The case n = 3 is illustrated by Fig. 4. 
Theorem 4.5 is also a standard result for the classical blossom [3]. This Theorem extends to
the q-blossom because the proof depends only on the symmetry and multiaffine properties of the
blossom. To get new results that are special for q-Be´zier curves, we must invoke the q-diagonal
property of the q-blossom—that is, we must consider evaluation algorithms.
Theorem 4.6. Let P(t) = ni=0 Pi Bni (t; q) be a q-Be´zier curve of degree n with q-blossom
p(u1, . . . , un; q). There are n! affine invariant, recursive evaluation algorithms for P(t) defined
as follows: Let σ be a permutation of {1, . . . , n} and let P0i (t) = Pi , i = 0, . . . , n. Define
Pk+1i (t) = (1− tqσ(k+1)−1−i )Pki (t)+ tqσ(k+1)−1−i Pki+1(t), (4.7)
i = 0, . . . , n − k − 1, k = 0, . . . , n − 1. Then
Pki (t) = p(0, . . . , 0, 1, q, . . . , q i−1, tqσ(1)−1, . . . , tqσ(k)−1; q), (4.8)
i = 0, . . . , n − k, k = 0, . . . , n. In particular,
Pn0 (t) = p(tqσ(1)−1, . . . , tqσ(n)−1; q) = P(t). (4.9)
Proof. Theorem 4.6 follows from Theorem 4.5 by substituting specific values uk = tqσ(k)−1,
k = 1, . . . , n for the q-blossom variables. 
5. Identities for q-Bernstein basis functions based on q-blossoming
Here we derive three identities for the q-Bernstein basis functions. When q = 1 each of
these identities reduces to a classical identity for the standard Bernstein basis functions. Since
our proofs are based on the q-blossom, all three of these identities are subject to the standard
restrictions on q given in (3.4) and (3.5). We begin with a new variant of Marsden’s identity.
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Proposition 5.1 (Marsden’s Identity).
n
i=1
(x − tq i−1) =
n
j=0
(−1) j q j ( j−1)/2 Bnn− j (x; 1/q)Bnj (t; q)
n
j

1/q
. (5.1)
Proof. Let P(t) denote the left hand side of Eq. (5.1). The q-blossom of P(t) is given by
p(u1, . . . , un; q) =
n
l=1
(x − ul).
Thus by the dual functional property (4.3)
n
i=1
(x − tq i−1) =
n
j=0
p(0, . . . , 0, 1, q, . . . , q j−1; q)Bnj (t; q)
=
n
j=0
xn− j
j−1
l=0
(x − ql)Bnj (t; q),
which after factoring out powers of q gives the right hand side of (5.1). 
We can also express the monomials easily in terms of the q-Bernstein basis functions.
Proposition 5.2 (Monomial Representation).
t i =
n
k=i

k
i

q n
i

q
Bnk (t; q), i = 0, . . . , n. (5.2)
Proof. This result follows immediately from the dual functional property (4.3), Eqs. (3.2) and
(3.3), and the fact that
ϕn,i (0, . . . , 0, 1, . . . , qk−1) = ϕk,i (1, q, . . . , qk−1) for k ≥ i. 
The last identity in this section is a reparametrization formula for q-Bernstein basis functions.
This formula is an exact analogue of the formula in Lemma 5.10 from [3], which has applications
in subdivision algorithms for standard Be´zier curves. For the proof of this change of basis formula
we first need a simple lemma.
Lemma 5.3. Let bni (u1, . . . , un; q) denote the q-blossom of Bni (t; q), i = 0, . . . , n. Then
bni (u1, . . . , un−1, 0; q) = bn−1i (u1, . . . , un−1; q), i = 0, . . . , n − 1. (5.3)
Proof. We apply the q-blossom algorithm from Theorem 4.5 to the polynomials Bni (t; q) and
Bn−1i (t; q). By the dual functional property, the first n− 1 initial q-blossom values for these two
polynomials as defined in Theorem 4.5 are the same: Q0j = 0, j = 0, . . . , n − 1, j ≠ i and
Q0i = 1. Therefore the functions Qkj , j = 0, . . . , n − 1 − k, k = 0, . . . , n − 1, generated by
Eq. (4.5) of the recursive evaluation algorithms for the q-blossoms of Bni (t; q) and Bn−1i (t; q)
coincide. Thus the function Qn−10 for B
n
i (t; q) is the same as the q-blossom of Bn−1i (t; q).
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On the other hand by (4.5), substituting un = 0 in the function Qn0 for Bni (t; q), which is precisely
the q-blossom of Bni (t; q), also gives exactly the function Qn−10 for Bni (t; q). 
Proposition 5.4 (Reparametrization Formula).
Bnk (r t; q) =
n
i=k
Bik(r; q)Bni (t; q). (5.4)
Proof. Let F and G be polynomials of degree n with q-blossoms f and g. If F(t) = G(r t), then
f (u1, . . . , un; q) = g(ru1, . . . , run; q).
This property holds because the three q-blossoming axioms for f (u1, . . . , un; q) are satisfied by
g(ru1, . . . , run; q). Therefore, bnk (ru1, . . . , run; q) is the q-blossom of Bnk (r t; q). Hence by the
dual functional property, Corollary 3.5, Lemma 5.3, and the q-diagonal property
Bnk (r t; q) =
n
i=0
bnk (0, . . . , 0, r, rq, . . . , rq
i−1; q)Bni (t; q)
=
n
i=k
bik(r, rq, . . . , rq
i−1; q)Bni (t; q)
=
n
i=k
Bik(r; q)Bni (t; q).  (5.5)
Eq. (5.4) is also derived in [1], using a matrix based approach.
In the classical theory of Be´zier curves [3], left subdivision is an immediate consequence of
Proposition 5.4 (with q = 1) and right subdivision follows by symmetry from Eq. (5.4), since
Bnk (1− t) = Bnn−k(t). (5.6)
In the theory of q-Be´zier curves, a left subdivision algorithm can also be derived from Eq. (5.4),
but the symmetry property in formula (5.6) no longer applies, so we cannot use this approach
to develop a right-sided subdivision algorithm for q-Be´zier curves. Therefore in Section 6 we
initiate a somewhat different approach to subdivision by developing the theory of q-Be´zier curves
over arbitrary intervals.
6. q-Bernstein bases for arbitrary intervals
For many application and in particular for subdivision, we need q-Bernstein bases over
arbitrary intervals. For an interval [a, b], we define the following set of q-Bernstein basis
functions:
Bni (t; [a, b]; q) =
n
i

q
i−1
j=0
(t − aq j ) ·
n−i−1
j=0
(b − tq j )
n−1
j=0
(b − aq j )
, (6.1)
i = 0, . . . , n. In Eq. (6.1), values of q for which b − aq j = 0 for some 1 ≤ j ≤ n − 1 are
excluded. Moreover, these functions do not form a basis when q = −1 and n is a positive even
number.
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Notice that we have the following special cases:
1. When a = 0 and b = 1 formula (6.1) reduces to formula (1.3) for the q-Bernstein basis
functions over the interval [0, 1].
2. When a < 1 is arbitrary and b = 1 formula (6.1) reduces to the extension of the q-Bernstein
bases studied by Lewanowicz and Woz´ny in [8].
3. When b = aqn , formula (6.1) reduces to the formula for the Lagrange basis functions of
degree n for the nodes a, aq, . . . , aqn , (see [3], Section 2.5).
4. When q = 1 formula (6.1) reduces to the standard Bernstein basis functions over the interval
[a, b], (see [3]).
5. Let t = q−x/h , a = q−α/h , and b = q−β/h . Then the limit as q → 1 of the q-Bernstein basis
functions over the interval [a, b] evaluated at t are the h-Bernstein basis functions over the
interval [α, β] evaluated at x .
Notice too that these Bernstein basis functions have the following scale invariance property:
Scale invariance
Bni (ct; [ca, cb]; q) = Bni (t; [a, b]; q) for all c ≠ 0. (6.2)
Notice, however, that these q-Bernstein basis functions are not translation invariant—that is,
in general
Bni (t + c; [t + a, t + b]; q) ≠ Bni (t; [a, b]; q). (6.3)
The q-Bernstein basis functions over [a, b] satisfy the recurrence relations
Bni (t; [a, b]; q) =

b − tqn−i−1
b − aqn−1

Bn−1i (t; [a, b]; q)
+ qn−i

t − aq i−1
b − aqn−1

Bn−1i−1 (t; [a, b]; q) (6.4)
and
Bni (t; [a, b]; q) = q i

b − tqn−i−1
b − aqn−1

Bn−1i (t; [a, b]; q)
+

t − aq i−1
b − aqn−1

Bn−1i−1 (t; [a, b]; q). (6.5)
Let Pi , i = 0, . . . , n be a set of n + 1 points. The q-Be´zier curve over the interval [a, b] with
control points Pi is the polynomial curve defined by
P(t) =
n
i=0
Pi B
n
i (t; [a, b]; q), t ∈ [a, b].
Warning: Translating the parameter interval [a, b] by a constant c will lead to a different q-Be´zier
curve—see Eq. (6.3). Hence we cannot use formulas and algorithms for q-Be´zier curves over
the interval [0, 1] to derive formulas and algorithms for q-Be´zier curves over arbitrary intervals
[a, b]. Therefore we begin anew.
The following two recursive q-evaluation algorithms are direct consequences of Eqs. (6.4)
and (6.5).
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Fig. 5. The first de Casteljau evaluation algorithm for a cubic q-Be´zier curve P(t) on the interval [a, b].
Fig. 6. The second de Casteljau evaluation algorithm for a cubic q-Be´zier curve P(t) on the interval [a, b].
q-de Casteljau evaluation algorithms
Let P˜0i (t) = Pˆ0i (t) = Pi , i = 0, . . . , n. Define
P˜ki (t) =

b − tqn−k−i
b − aqn−k

P˜k−1i (t)+ qn−k−i

t − aq i
b − aqn−k

P˜k−1i+1 (t) (6.6)
and
Pˆki (t) = q i

b − tqn−k−i
b − aqn−k

Pˆk−1i (t)+

t − aq i
b − aqn−k

Pˆk−1i+1 (t), (6.7)
i = 0, . . . , n − k, k = 1, . . . , n. Then P˜n0 (t) = Pˆn0 (t) = P(t).
These two de Casteljau evaluation algorithms for cubic q-Be´zier curves are illustrated in
Figs. 5 and 6.
Notice that just as in the two de Casteljau algorithms over the interval [0, 1], in the first de
Casteljau algorithm over arbitrary intervals the intermediate values are affine combinations of
the preceding values, but this affinity does not hold in the second de Casteljau algorithm. Thus in
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the first algorithm the intermediate values are affine invariant, but in the second algorithm only
the final result is affine invariant. Notice too that in the special case where b = aqn , the first
de Casteljau algorithm reduces to Neville’s algorithm for Lagrange interpolation for nodes in
geometric progression.
Before we can proceed to the study of subdivision algorithms for q-Be´zier curves, we need
to extend the theory of q-blossoming – especially the dual functional property and new affine
invariant recursive evaluation algorithms – to q-Be´zier curves over arbitrary intervals.
In particular we shall prove that over the interval [a, b], we have the following dual functional
property:
Dual functional property
Let P(t) be a q-Be´zier curve of degree n over the interval [a, b]with control points P0, . . . , Pn
and q-blossom p(u1, . . . , un; q). Then
Pk = p(aqk, . . . , aqn−1, b, bq, . . . , bqk−1; q). (6.8)
In (6.8) and in all subsequent results in this section, unless stated otherwise the standard
restrictions on the value of q in (3.4) and (3.5) always apply.
We begin with a recurrence for computing arbitrary q-blossom values from the special
q-blossom values that appear in the dual functional property.
Theorem 6.1. Let P(t) be a polynomial of degree n and let p(u1, . . . , un; q) be the q-blossom
of P(t). Set
Q0i = p(aq i , . . . , aqn−1, b, bq, . . . , bq i−1; q), (6.9)
i = 0, . . . , n and define recursively the set of multiaffine functions
Qk+1i (u1, . . . , uk+1) = (1− βk,i )Qki (u1, . . . , uk)+ βk,i Qki+1(u1, . . . , uk) (6.10)
for i = 0, . . . , n − k − 1 and k = 0, . . . , n − 1, where
βk,i = uk+1q
−i − aqk
b − aqk . (6.11)
Then
Qki (u1, . . . , uk) = p(aqk+i , . . . , aqn−1, b, bq, . . . , bq i−1, u1, . . . , uk; q), (6.12)
i = 0, . . . , n − k, k = 0, . . . , n. In particular,
Qn0(u1, . . . , un) = p(u1, . . . , un; q).
Proof. This result is easily verified using induction on k and the symmetry and multiaffinity of
the q-blossom. 
Theorem 6.1 is also a standard result for the classical blossom [3]. This theorem extends to
the q-blossom because the proof depends only on the symmetry and multiaffine properties of
the blossom. To get new results that are special for q-Be´zier curves over arbitrary intervals, we
must invoke the q-diagonal property of the q-blossom—that is, we must consider evaluation
algorithms.
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Theorem 6.2. Let P(t) be a polynomial of degree n and let p(u1, . . . , un; q) be the q-blossom of
P(t). There are n! affine invariant recursive evaluation algorithms for P(t) defined as follows:
Let σ be a permutation of {1, . . . , n}. Set
P0i = p(aq i , . . . , aqn−1, b, bq, . . . , bq i−1; q), i = 0, . . . , n
and define recursively
Pk+1i (t) = (1− αk,i )Pki (t)+ αk,i Pki+1(t) (6.13)
for i = 0, . . . , n − k − 1 and k = 0, . . . , n − 1, where
αk,i = αk,i (t) = αk,i (t; σ ; q) = tq
σ(k+1)−1−i − aqk
b − aqk . (6.14)
Then
Pki (t) = p(aqk+i , . . . , aqn−1, b, bq, . . . , bq i−1, tqσ(1)−1, . . . , tqσ(k)−1; q), (6.15)
i = 0, . . . , n − k, k = 0, . . . , n. In particular,
Pn0 (t) = p(tqσ(1)−1, . . . , tqσ(n)−1; q) = P(t). (6.16)
Proof. Theorem 6.2 follows from Theorem 6.1 by substituting specific values ui = tqσ(i)−1,
i = 1, . . . , n for the q-blossom parameters. 
The blossoming recurrences for σ(k) = k and for σ(k) = n + 1 − k are illustrated for cubic
q-Bezier curves in Section 8, Figs. 7 and 8.
Notice that none of blossoming recurrences in (6.13) is equivalent to the de Casteljau
recurrences (6.6) and (6.7). Thus the proof of the dual functional property over the interval [0, 1]
from Section 4 does not carry over to arbitrary intervals. We need a different approach to prove
the dual functional property over arbitrary intervals [a, b].
Theorem 6.3 (Every Polynomial is a q-Be´zier Curve over any Interval). Let P(t) be a
polynomial of degree n with q-blossom p(u1, . . . , un; q). Then
P(t) =
n
i=0
p(aq i , . . . , aqn−1, b, bq, . . . , bq i−1; q)Bni (t; [a, b]; q). (6.17)
Proof. We use induction on n. Eq. (6.17) is clearly true for n = 0 since B00 (t; [a, b]; q) = 1.
Now assume that (6.17) is true for all polynomials of degree at most n − 1 for some n ≥ 1 and
let P(t) be a polynomial of degree n. We apply Theorem 6.2 with σ(k) = k, k = 1, . . . , n. By
Theorem 6.2 and in particular by (6.13)
P(t) = Pn0 (t) = (1− αn−1,0(t))Pn−10 (t)+ αn−1,0(t)Pn−11 (t)
where by (6.15)
Pn−10 (t) = p(aqn−1, t, tq, . . . , tqn−2; q),
Pn−11 (t) = p(b, t, tq, . . . , tqn−2; q).
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Moreover the q-blossoms of Pn−10 (t) and P
n−1
1 (t) are
p0(u1, . . . , un−1; q) = p(aqn−1, u1, . . . , un−1; q),
p1(u1, . . . , un−1; q) = p(b, u1, . . . , un−1; q),
since the right hand sides are symmetric, multiaffine, and reduce to the correct polynomials along
the q-diagonal. By the induction hypothesis (applied to Pn−10 (t) over [a, b] and to Pn−11 (t) over[aq, bq]) it follows that
Pn−10 (t) =
n−1
j=0
p(aqn−1, aq j , . . . , aqn−2, b, bq, . . . , bq j−1; q)Bn−1j (t; [a, b]; q)
=
n−1
j=0
P0j B
n−1
j (t; [a, b]; q)
and by (6.2)
Pn−11 (t) =
n−1
j=0
p(b, aq j+1, . . . , aqn−1, bq, . . . , bq j ; q)Bn−1j (t; [aq, bq]; q)
=
n−1
j=0
P0j+1 B
n−1
j (t; [aq, bq]; q) =
n−1
j=0
P0j+1 B
n−1
j (t/q; [a, b]; q).
Therefore
P(t) = (1− αn−1,0(t))
n−1
j=0
P0j B
n−1
j (t; [a, b]; q)
+αn−1,0(t)
n−1
j=0
P0j+1 B
n−1
j (t/q; [a, b]; q)
= (1− αn−1,0(t))Bn−10 (t; [a, b]; q)P00
+
n−1
j=1
[(1− αn−1,0(t))Bn−1j (t; [a, b]; q)+ αn−1,0(t)Bn−1j−1 (t/q; [a, b]; q)]P0j
+αn−1,0(t)Bn−1n−1 (t/q; [a, b]; q)P0n =
n
j=0
Bnj (t; [a, b]; q)P0j
since by (6.14) and (6.1),
(1− αn−1,0(t))Bn−10 (t; [a, b]; q) = Bn0 (t; [a, b]; q),
αn−1,0(t)Bn−1n−1 (t/q; [a, b]; q) = Bnn (t; [a, b]; q),
and
(1− αn−1,0(t))Bn−1j (t; [a, b]; q)+ αn−1,0(t)Bn−1j−1 (t/q; [a, b]; q)
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= (b − tq
n−1)
b − aqn−1

n − 1
j

q
j−1
l=0
(t − aql) ·
n− j−2
l=0
(b − tql)
n−2
l=0
(b − aql)
+ (t − a)q
n−1
b − aqn−1

n − 1
j − 1

q
j−2
l=0
(t/q − aql) ·
n− j−1
l=0
(b − tql−1)
n−2
l=0
(b − aql)
=

n
j

q
j−1
l=0
(t − aql) ·
n− j−2
l=0
(b − tql)
n−1
l=0
(b − aql)
× [(b − tq
n−1)(1− qn− j )+ (bq − t)(1− q j )qn− j−1]
1− qn
= Bnj (t; [a, b]; q)
because the expression inside the brackets on the previous line reduces to the product (1−qn)(b−
tqn− j−1). 
Corollary 6.4. The q-Bernstein basis functions of degree n over the interval [a, b] form a basis
for the polynomials of degree n, except in the case when q = −1 and n is even.
Proof. This result follows directly from Theorem 6.3 when q satisfies the standard restrictions
in (3.4) and (3.5). Moreover, when q = 0, this result follows easily from the explicit formula in
Eq. (6.1). 
Corollary 6.5. The q-Be´zier control points of a q-Be´zier curve over the interval [a, b] are
unique.
Theorem 6.6 (Dual Functional Property of the q-Blossom over the Interval [a, b]). Let P(t) be
a q-Be´zier curve of degree n over the interval [a, b] with q-blossom p(u1, . . . , un; q). Then the
q-Be´zier control points of P(t) are given by
Pi = p(aq i , . . . , aqn−1, b, bq, . . . , bq i−1; q), i = 0, . . . , n. (6.18)
Proof. This result follows from Theorem 6.3 and the uniqueness of the q-Be´zier control
points. 
Remark 6.7. The dual functional property shows that Theorems 6.1 and 6.2 actually start with
the q-Be´zier control points, so we do indeed have n! affine invariant, recursive evaluation
algorithms all starting with the original q-Be´zier control points over the interval [a, b].
We end this section by deriving explicit formulas for every node in the q-evaluation algorithm
for the identity permutation.
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Theorem 6.8. Let P(t) be a q-Be´zier curve of degree n over the interval [a, b] with control
points Pi , i = 0, . . . , n. Let Pki , k = 0, . . . , n, i = 0, . . . , n − k be the nodes in the q-evaluation
algorithm for P(t) for the identity permutation. Then
Pki (t) =
k
j=0
Pi+ j Bkj (t/q
i ; [a, b]; q). (6.19)
Proof. By Theorems 6.1 and 6.2, the q-blossom of Pki (t) is Q
k
i (u1, . . . , uk). By the dual
functional property
Pki (t) =
k
j=0
Qki (cq
j , . . . , cqk−1, d, dq, . . . , dq j−1)Bkj (t; [c, d]; q). (6.20)
Select [c, d] = [aq i , bq i ]. Then formula (6.19) follows immediately from (6.20), (6.12), (6.18),
and (6.2). 
7. Identities for the q-Bernstein basis functions over arbitrary intervals
In this section we extend Propositions 5.1 and 5.2 to q-Bernstein basis functions over the
interval [a, b] using the dual functional property of the q-blossom over the interval [a, b].
Proposition 7.1 (Marsden’s Identity on the Interval [a, b]).
n
i=1
(x − tq i−1)
n
i=1
(b − aq i−1)
=
n
j=0
(−1) j q j ( j−1)/2 B
n
n− j (x; [aqn−1, b]; 1/q)Bnj (t; [a, b]; q)
n
j

1/q
. (7.1)
Here, as usual, the standard restrictions on the value of q in (3.4) and (3.5) apply.
Proof. This result follows by an argument analogous to the proof of Proposition 5.1. Indeed,
from the dual functional property (Theorem 6.6) and the fact that the q-blossom of the numerator
of the polynomial on the left hand side of (7.1) with respect to the variable t is
n
i=1(x − ui ) we
immediately obtain the right hand side of (7.1). 
We could, in principle, use q-blossoming to extend Proposition 5.2 and represent arbitrary
monomials tk in terms of the q-Bernstein basis functions over arbitrary intervals. But the
formulas for arbitrary values of k are complicated, unwieldy, and unenlightening. Therefore
here we shall restrict ourselves to formulas for the special cases k = 0 and k = 1, where the
expressions are simple, elegant, and revealing.
Proposition 7.2 (Representation of Constant and Linear Functions).
i. 1 =
n
k=0
Bnk (t; [a, b]; q) for all q (7.2)
ii. t =
n
k=0

a + [k]q[n]q (b − a)

Bnk (t; [a, b]; q)
for all q except in the case when q = −1 and nis even, and when q = 0. (7.3)
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Proof. i. The q-blossom of the constant polynomial P(t) = 1 is p(u1, . . . , un; q) = 1.
Therefore since the q-blossom of a constant function exists for all values of q , this result follows
by the dual functional property (6.18) of the q-blossom.
ii. By (3.2), the q-blossom of the monomial P(t) = t is
p(u1, . . . , un; q) = u1 + · · · + un[n]q .
Therefore, by the dual functional property (6.18) of the q-blossom, for all q ≠ 0,−1, the
coefficient of Bnk (t; [a, b]; q) is
Pk = p(aqk, . . . , aqn−1, b, . . . , bqk−1; q)
= a(q
k + · · · + qn−1)+ b(1+ q + · · · + qk−1)
[n]q
= a([n]q − [k]q)+ b[k]q[n]q = a +
[k]q
[n]q (b − a). 
The geometric significance of (7.2) is that q-Be´zier curves are affine invariant, that is,
translating all the control points by the same vector v, translates each point on a q-Be´zier curve by
the same vector v. The geometric significance of (7.3) is more subtle. As a consequence of (7.3)
if the control points of a q-Be´zier curve lie on a straight line and the distance between adjacent
control points is in geometric progression with ratio q, then the q-Be´zier curve reproduces the
straight line with a linear parametrization.
8. A subdivision algorithm for q-Be´zier curves
The de Casteljau subdivision algorithm is an important tool in Computer-Aided Geometric
Design for rendering and intersecting Be´zier curves. Here we are going to extend the de Casteljau
subdivision algorithm to q-Be´zier curves.
In the standard de Casteljau subdivision procedure the control polygons for the left and the
right segments of the subdivided Be´zier curve are formed by the points from the left and the right
lateral edges of the diagram for the de Casteljau evaluation algorithm.
We now present an analogue of the de Casteljau subdivision algorithm for q-Be´zier curves.
The control polygons for the left and the right segments of the subdivided q-Be´zier curve are
generated by the points on the left and right lateral edges of two evaluation diagrams that
correspond to two different recursive evaluation procedures. Figs. 7 and 8 show the recursive
evaluation algorithms used to generate the control polygons for the left and the right segments of
a subdivided cubic q-Be´zier curve.
Since each segment of a q-Be´zier curve is a polynomial curve, a segment of a q-Be´zier curve
can also be represented as a q-Be´zier curve relative to a new set of control points and a new set
of q-Bernstein basis functions over a new parameter interval. Moreover, by the dual functional
property for q-Be´zier curves over arbitrary intervals, we know how to express the control points
for the left and right segments of a q-Be´zier curve using the q-blossom.
Theorem 8.1 (Left q-Subdivision). Let Pj , j = 0, . . . , n, be the control points for a q-Be´zier
curve P(t) of degree n over an interval [a, b] where q satisfies the standard restrictions in (3.4)
and (3.5), and fix x ∈ [a, b]. A control polygon for the curve P(t) over the subinterval [a, x]
is generated by selecting σ(k) = k, k = 1, . . . , n in Theorem 6.2. The q-Be´zier control points
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Fig. 7. Left subdivision algorithm on the interval [a, b] for cubic q-Be´zier curves. The original control points are placed
at the base of the triangle and the control points for the left segment emerge on the left lateral edge of the diagram when
we insert the values x, xq, . . . , xqn−1 in that order in the q-blossom evaluation algorithm.
are the points Lk = Pk0 (x), k = 0, . . . , n taken from the left lateral edge of the diagram for the
corresponding evaluation algorithm. In particular,
P(t) =
n
k=0
Lk B
n
k (t; [a, x]; q), t ∈ [a, x] (8.1)
where
Lk = p(aqk, . . . , aqn−1, x, xq, . . . , xqk−1; q), k = 0, . . . , n (8.2)
and p(u1, . . . , un; q) is the q-blossom of P(t). Moreover
Lk =
k
j=0
Pj B
k
j (x; [a, b]; q), k = 0, . . . , n. (8.3)
Proof. To prove this result, we apply the dual functional property to P(t) over the interval [a, x]
and then use Theorem 6.2. In particular, (8.2) follows from (6.15) and (8.3) follows from (6.19).
Fig. 7 provides a simple illustration for the cubic case. 
A similar result holds for the control points of the right portion of a q-Be´zier curve.
Theorem 8.2 (Right q-Subdivision). Let Pj , j = 0, . . . , n, be the control points for a q-Be´zier
curve P(t) of degree n over an interval [a, b] where q satisfies the standard restriction in (3.4)
and (3.5), and fix x ∈ [a, b]. A control polygon for the curve P(t) over the subinterval [x, b] is
generated by selecting σ(k) = n + 1 − k, k = 1, . . . , n in Theorem 6.2. The q-Be´zier control
points are the points Rk = Pn−kk (x), k = 0, . . . , n taken from the right lateral edge of the
diagram for the corresponding evaluation algorithm. In particular,
P(t) =
n
k=0
Rk B
n
k (t; [x, b]; q), t ∈ [x, b] (8.4)
where
Rk = p(b, bq, . . . , bqk−1, xqk, . . . , xqn−1; q), k = 0, . . . , n (8.5)
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Fig. 8. Right subdivision algorithm on the interval [a, b] for cubic q-Be´zier curves. The original control points are placed
at the base of the triangle and the control points for the right segment emerge on the right lateral edge of the diagram
when we insert the values x, xq, . . . , xqn−1 in reverse order in the q-blossom evaluation algorithm.
and p(u1, . . . , un; q) is the q-blossom of P(t). Moreover,
Rk =
n
j=k
Pj B
n−k
j−k (x; [a, b]; q), k = 0, . . . , n. (8.6)
Proof. Eq. (8.5) follows from the definition of the points Rk and (6.15). Eq. (8.4) follows from
Theorem 6.3 applied to P(t) over the interval [x, b] and (8.5).
To verify (8.6), let Pˆki denote the points P
k
i in (6.15) for the identity permutation σ(l) = l,
l = 1, . . . , n and let Pˇki denote the points Pki in (6.15) for the permutation σ(l) = n + 1 − l,
l = 1, . . . , n. By (6.15) and (6.19)
Pˆn−kk (t) = p(b, bq, . . . , bqk−1, t, tq, . . . , tqn−k−1; q)
=
n−k
j=0
Pk+ j Bn−kj (t/q
k; [a, b]; q). (8.7)
Then from (6.15) and (8.7) it follows that
Rk = Pˇn−kk (x) = p(b, bq, . . . , bqk−1, xqk, . . . , xqn−1; q)
= Pˆn−kk (xqk) =
n−k
j=0
Pk+ j Bn−kj (x; [a, b]; q), k = 0, . . . , n,
which is equivalent to (8.6). Fig. 8 provides a simple illustration for the cubic case. 
8.1. Recursive subdivision
We shall now consider recursive subdivision algorithms for q-Be´zier curves over arbitrary
intervals. We will begin with a general discussion of recursive subdivision for q-Bz´ier curves,
and then dwell on the convergence and rate of convergence of recursive midpoint subdivision.
To begin, let P(t) be a q-Be´zier curve of degree n defined on an arbitrary interval [a, b],
where q satisfies the restrictions in (3.4) and (3.5). For the first iteration of recursive subdivision
we select x ∈ (a, b) and then we subdivide P(t) into two segments, the left segment of P(t) over
the interval [a, x] and the right segment of P(t) over the interval [x, b]. We use the recursive
evaluation algorithm from Theorem 6.2 to compute the control points for the left and the right
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segments given in Theorems 8.1 and 8.2. Then for every N > 1, at the N -th iteration we
subdivide each of the curves generated at the N − 1-th iteration into a left and right segment
in the same manner as in the first iteration.
Now consider the first iteration of this subdivision algorithm. From Theorems 8.1 and 8.2 we
know that the points Lk defined by (8.2) are the control points of the restriction of P(t) over the
interval [a, x] and the points Rk defined by (8.5) are the control points of the right segment of
the curve P(t) over the interval [x, b].
Next we estimate the lengths of the corresponding control polygons using the dual functional
property. Suppose that P(t) =nµ=0 Aµtµ. Set
M = max
1≤µ≤n
|Aµ|(max{|a|, |aq|, |b|, |bq|})µ−1
|q|µ−1
 nµq
 .
By Corollary 3.5, the q-blossom of P(t) is
p(u1, . . . , un; q) =
n
µ=0
Aµ
ϕn,µ(u1, . . . , un)
qµ(µ−1)/2

n
µ

q
.
Therefore by Theorem 8.1 and the multiaffine property of q-blossoms
Lk+1 − Lk = p(aqk+1, . . . , aqn−1, x, xq, . . . , xqk; q)
− p(aqk, . . . , aqn−1, x, xq, . . . , xqk−1; q)
=
n
µ=1
Aµ
qµ(µ−1)/2

n
µ

q
(x − a)qk
×ϕn−1,µ−1(aqk+1, . . . , aqn−1, x, xq, . . . , xqk−1; q) (8.8)
and
|Lk+1 − Lk | ≤ |x − a| |q|k
n
µ=1
|Aµ|(max{|aq|, |x |})µ−1
|q|µ(µ−1)/2
 nµq
 ϕn−1,µ−1(1, |q|, . . . , |q|
n−2)
≤ |x − a| |q|k M
n
µ=1

n − 1
µ− 1

|q|
≤ |x − a| |q|k M
n
µ=1

n − 1
µ− 1

(max{|q|, 1})(µ−1)(n−µ)
≤ |x − a| |q|k M2n−1(max{|q|, 1})(n−1)2/4. (8.9)
To get the last two lines in (8.9) we first use (3.3). Then we observe that any q-binomial
coefficient
 n
k

q is a polynomial in q of degree k(n − k). So we can bound each q-binomial
coefficient in (8.9) (considered as a polynomial in q) by the sum of its coefficients, which is
equal to the corresponding standard binomial coefficient (just set q = 1), multiplied by the
maximum of |q| and 1 raised to the maximum possible power of type k(n − 1 − k) which is
(n − 1)2/4.
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Therefore the length of the left subdivision polygon is bounded by
n−1
k=0
|Lk+1 − Lk | ≤ M1|x − a| (8.10)
where
M1 = 2n−1(max{|q|, 1})(n−1)2/4[n]|q|M
because
n−1
k=0 |q|k = [n]|q|. Similarly, we can show that the length of the right subdivision
polygon is bounded by
n−1
k=0
|Rk+1 − Rk | ≤ M1|b − x |. (8.11)
So each time we subdivide a segment of the q-Be´zier curve, we generate two new control
polygons that meet at a point on the curve and whose lengths are bounded by constant multiples
of the lengths of the corresponding subintervals of the original interval [a, b].
In particular, if we subdivide each time at the midpoint of the interval, then the length of
the control polygon of each segment of the q-Be´zier curve generated at the N -th iteration of
this subdivision algorithm is bounded by a constant times 2−N , and this bound is valid for
every N .
Now let P˜ be a segment of the original curve P constructed after N iterations of midpoint
subdivision and let L(t) denote the corresponding control polygon. Then P˜ is the restriction of
P over a subinterval [t0, t1] ⊂ [a, b] of length (b−a)/2N and P and L coincide at the endpoints
t0 and t1. Hence for any t ∈ [t0, t1],
|P˜(t)− L(t)| = |P(t)− L(t)| ≤ |P(t)− P(t0)| + |L(t0)− L(t)|
≤ |t − t0| max
τ∈[t0,t1]
|P ′(τ )| + M1|t1 − t0|
≤ M2(b − a)
2N
, (8.12)
where M2 = maxτ∈[a,b] |P ′(τ )|+M1. Therefore the control polygons generated by this recursive
midpoint subdivision algorithm converge uniformly and exponentially fast to the q-Be´zier curve
on the interval [a, b].
Since the previous analysis depends on blossoming, this analysis is valid only when q
satisfies the standard restrictions in (3.4) and (3.5). Suppose, however, that q = 0. Observe
that ϕn−1,µ−1(aqk+1, . . . , aqn−1, x, xq, . . . , xqk−1; q) on the right hand side of (8.8) is a
polynomial in q with a zero at q = 0 of multiplicity (µ − 1)(µ − 2)/2 if µ ≤ k + 1 and of
multiplicity (µ − 1)(µ − 2)/2 + (µ − 1 − k) if µ > k + 1. Thus the expression to the right
of the second equality sign in (8.8) is an analytic function of q in some open neighborhood
D of q = 0 and that expression is equal to Lk+1 − Lk for all q ∈ D, q ≠ 0. But by (8.3),
Lk+1− Lk is also an analytic function of q inside D; hence Lk+1− Lk is equal to the expression
to the right of the second equality sign in (8.8) when q = 0. Therefore, estimates (8.9) and
(8.10) remain valid when q = 0. The same argument applies for the right control polygon.
The analyticity of Rk+1 − Rk at q = 0 follows from formula (8.6). Hence (8.12) and a similar
estimate for the right control polygon hold and the midpoint q-subdivision algorithm converges
when q = 0.
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Fig. 9. Cubic q-Bezier curve with q = 0.4. The curve and the original control polygon are illustrated, and from left to
right levels 1, 3, and 5 of midpoint subdivision are displayed.
Fig. 10. Cubic q-Bezier curve for the same control polygon as in Fig. 9 with q = 2.4. The curve and the original control
polygon are illustrated, and from left to right levels 1, 3, and 5 of midpoint subdivision are displayed.
Note that since the left subdivision algorithm is undefined when q = 0 (see Fig. 7), the control
points for the left segment are computed using the explicit formulas in Eq. (8.3). However, the
right subdivision algorithm is well-defined when q = 0 (see Fig. 8) as shown by formulas (6.13)
and (6.14) with σ(k) = n + 1− k, k = 1, . . . , n.
Finally let q = −1. In this case, when the degree n is even, the q-Bernstein functions
Bnk (t; [a, b]; q) of degree n do not form a basis for all degree n polynomials. However, the
midpoint subdivision algorithm for a q-Be´zier curve P(t) of even degree n described above still
converges uniformly on the interval [a, b], since this subdivision algorithm is continuous in q at
q = −1. Indeed, the recursive evaluation algorithms described in Theorem 6.2 are well defined
and continuous at q = −1 provided that at q = −1 the initial values of the q-blossom are
replaced by the corresponding q-Be´zier control points.
In summary we have proved the following result concerning the rate of approximation by
q-Be´zier midpoint subdivision.
Theorem 8.3. Let P(t) be a q-Be´zier curve defined on an interval [a, b]. Then the control
polygons generated by q-Be´zier midpoint subdivision converge to the q-Be´zier curve P(t)
uniformly on the interval [a, b] at the rate of 2−N , where N is the number of iterations.
We illustrate this recursive midpoint subdivision algorithm for q-Be´zier curves over the
interval [0, 1] in Figs. 9–12. Notice that the algorithm converges as expected even if q > 1
as well as in the special cases q = 0 or q = −1.
When 0 < q ≤ 1, the original q-Be´zier curve lies in the convex hull of the control points
generated by recursive subdivision. Therefore even though the subdivision control polygons may
oscillate wildly, we can still apply recursive subdivision to render and intersect q-Be´zier curves
just as we do for standard Be´zier curves. On the other hand, we cannot use recursive subdivision
to prove the variation diminishing property for q-Be´zier curves because, as we can see clearly
from the examples in Figs. 9–12, the control polygons generated by recursive subdivision may
oscillate a good deal more than the original q-Be´zier curve. These oscillations can occur because
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Fig. 11. Quartic q-Bezier curve with q = 0. The curve and the original control polygon are illustrated, and from left to
right levels 1, 3, and 6 of midpoint subdivision are displayed.
Fig. 12. Quartic q-Bezier curve for the same control polygon as in Fig. 11 with q = −1. The curve and the original
control polygon are illustrated, and from left to right levels 1, 3, and 6 of midpoint subdivision are displayed.
unlike in the case of standard Be´zier curves, the subdivision procedure for q-Be´zier curves is not
a corner cutting procedure.
When q ∉ (0, 1], the original q-Be´zier curve does not necessarily lie in the convex hull of the
control points generated by recursive subdivision. Nevertheless, this subdivision algorithm still
converges to the q-Be´zier curve for the original control polygon. In particular, for q = 0 (Fig. 11)
the q-blossom is undefined and for q = −1 and n even (Fig. 12) the q-Bernstein polynomials do
not form a basis. Yet in both cases recursive midpoint subdivision still converges to the original
q-Be´zier curve.
A word of caution when implementing this recursive subdivision algorithm. The subdivision
algorithm can fail if at some stage of the implementation we encounter an interval [c, d] for
which d = cq j for some j = 1, . . . , n − 1. For example, if q = 2 and we subdivide a q-Bezier
curve over the interval [0, 1] at x = 1/2, then the Bernstein basis functions for q = 2 are not
defined on the right interval [1/2, 1]. But this problem is easily avoided by choosing a different
value of x .
One final point about efficient implementation. To subdivide a q-Be´zier curve, we need to
compute two evaluation algorithms: one for the left segment of the curve and one for the right
segment of the curve. Thus to subdivide a q-Be´zier curve of degree n, we need to compute
2n(n + 1)/2 = n(n + 1) affine combinations. But the last control point of the left segment is the
same as the initial control point of the right segment, so we need not recalculate this point. By
avoiding this calculation, we can reduce the amount of computation at each round of recursive
subdivision by n affine combinations. Thus instead of n(n + 1) affine combinations, we need to
compute only n2 affine combinations for each round of recursive subdivision.
9. Conclusions and future work
The main focus of this paper is on algorithms and identities for q-Bernstein bases and
q-Be´zier curves. We derived a q-version of the Marsden identity and explicit formulas for
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representing the monomials in terms of the q-Bernstein basis functions. We also constructed
new recursive evaluation algorithms as well as an explicit subdivision procedure for q-Be´zier
curves.
But if our major focus is on these algorithms and identities, our main subtext is the power
and efficacy of the q-blossom to derive, develop, and simplify the theory of q-Bernstein bases
and q-Be´zier curves. Currently we are also developing a similar approach to algorithms and
identities for h-Bernstein bases and h-Be´zier curves based on an h-blossom, another variant
of the standard blossom specifically adapted to the analysis of h-Bernstein basis functions and
h-Be´zier curves [20]. In the future we also hope to construct a new q-theory (h-theory) of
B-splines based on these novel blossoming techniques.
References
[1] C. Disibuyuk, H. Oruc¸, A generalization of rational Bernstein–Be´zier curves, BIT 47 (2007) 313–323.
[2] R. Goldman, Po´lya’s urn model and computer aided geometric design, SIAM J. Algebr. Discrete Methods 6 (1985)
1–28.
[3] R. Goldman, Pyramid Algorithms, A Dynamic Programming Approach to Curves and Surfaces for Geometric
Modeling, in: The Morgan Kaufmann Series in Computer Graphics and Geometric Modeling, Elsevier Science,
2003.
[4] R. Goldman, P. Barry, Recursive polynomial curve schemes and computer-aided geometric design, Constr. Approx.
6 (1990) 65–96.
[5] R. Goldman, P. Barry, Shape parameter deletion for Po´lya curves, Numer. Algorithms 1 (1991) 121–137.
[6] M.E.H. Ismail, Classical and Quantum Orthogonal Polynomials in One Variable, in: Encyclopedia of Mathematics
and its Applications, vol. 98, Cambridge University Press, 2005.
[7] V. Kac, P. Cheung, Quantum Calculus, in: Universitext Series, vol. IX, Springer-Verlag, 2002.
[8] S. Lewanowicz, P. Woz´ny, Generalized Bernstein polynomials, BIT 44 (2004) 63–78.
[9] G. Nowak, Approximation properties for generalized Bernstein polynomials, J. Math. Anal. Appl. 350 (2009)
50–55.
[10] Halil Oruc¸, Generalized Bernstein Polynomials and Total Positivity, Ph.D. Thesis, School of Mathematical and
Computational Sciences, University of St. Andrews, 1998.
[11] G.M. Phillips, A de Casteljau algorithm for generalized Bernstein polynomials, BIT 37 (1997) 232–236.
[12] G.M. Phillips, Bernstein polynomials based on the q-integers, Ann. Numer. Math. 4 (1997) 511–518.
[13] G.M. Phillips, A survey of results on the q-Bernstein polynomials, IMA J. Numer. Anal. 30 (2010) 277–288.
[14] G.M. Phillips, Interpolation and Approximation by Polynomials, in: CMS Books in Mathematics, Springer-Verlag,
New York, 2003.
[15] L. Ramshaw, Blossoming: A Connect-the-Dots Approach to Splines, Digital Equipment Corp., Systems Research
Center, Technical Report No. 19, 1987.
[16] L. Ramshaw, Be´zier and B-splines as multiaffine maps, in: R.A. Earnshaw (Ed.), Theoretical Foundations of
Computer Graphics and CAD, in: NATO ASI Series F, vol. 40, Springer-Verlag, New York, 1988, pp. 757–776.
[17] L. Ramshaw, Blossoms are polar forms, Comput. Aided Geom. Design 6 (1989) 323–358.
[18] L. Ramshaw, On Multiplying Points: The Paired Algebras of Forms and Sites, Compaq Systems Research Center,
SRC Research Report 169, 2001.
[19] P. Simeonov, V. Zafiris, Geometric applications of bivariate q-Bernstein and q-orthogonal polynomials, in: Recent
Advances on Applied Mathematics, Proceedings of the American Conference on Applied Mathematics, WSEAS
Press, Cambridge, 2008, pp. 25–28.
[20] P. Simeonov, V. Zafiris, R. Goldman, h-blossoming: a new approach to algorithms and identities for h-Bernstein
bases and h-Be´zier curves, Computer Aided Geometric Design, in press (doi:10.1016/j.cagd.2011.09.003).
[21] D. Stancu, Approximation of functions by a new class of linear polynomial operators, Rev. Roum. Math. Pures
Appl. 13 (1968) 1173–1194.
[22] D. Stancu, Generalized Bernstein approximating operators, Itinerant seminar on functional equations,
approximation and convexity, Cluj-Napoca (1984) 185–192.
